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What is a context-free grammar?

Definition (CFG)

A context-free grammar (CFG) is a four tuple (V, S, X, R):
e Vis the variable set.
e S € Vis the start variable.
e Y is the terminal set (i.e., alphabet).

@ R is a set of rules. Each rule is of the form A — w, where A is a variable
and w is a string of variables and terminals.
v

Given a CFG G, we can apply its rules to generate some strings!
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What is a context-free grammar?

Definition (CFG)

A context-free grammar (CFQG) is a four tuple (V, S, %, R):
e Vis the variable set.
e S € Vis the start variable.

e X is the terminal set (i.e., alphabet).
@ R is a set of rules. Each rule is of the form A — w, where A is a variable
and w is a string of variables and terminals.

The whole set of strings generated by G is denoted as L(G).
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Example of a context-free grammar

Given a context-free grammar G = (V, S, X, R) where
e V= {5} is the variable set;
o S € Vis the start variable;
o ¥ = {0, 1} is the terminal set;
e R={S5— 051,58 — e} is the rule set.
Then what is L(G)?
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Given a context-free grammar G = (V, S, X, R) where
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Example of a context-free grammar

Given a context-free grammar G = (V, S, X, R) where
o V={S} is the variable set;
e S € Vis the start variable;
e ¥ = {0,1} is the terminal set;
e R={5— 051,85 — e} is the rule set.
Then what is L(G)?

Trial 3:
Q S=051;
@ 051 = 00511;
@ 00511 = 0005111,
@ 0005111 = 000111;

@ 000111 € L(G)!
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e V= {5} is the variable set;
e S € Vis the start variable;
e ¥ = {0,1} is the terminal set;
e R={5— 051,85 — e} is the rule set
Then what is L(G)?

¥, R) where

We collect such generated strings:
e ¢ € L(G);
e 01 € L(G);
e 000111 € L(G);
PR

and analyse the pattern.

Only terminals (or €) can appear in
the final strings, while variables must

go to terminals or € at the end!
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From language to CFG

Given a context-free grammar G = (V, S, X, R) where
o V={5}
e Sis the start variable;
o ¥ = {a, b} is the terminal set;
o R={5— aSa| bSb| e} is the rule set.
Then what is L(G)?

Solution: L(G) = {ww|w € {a, b}*}.
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From CFG to language

Construct a context-free grammar for L, = {0"1™0" : n, m € N}.
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From CFG to language

Exercise 2

Construct a context-free grammar for L, = {0"1™0" : n, m € N}.

Solution: G = (V, Sy, %, R) where
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From CFG to language

Exercise 2

Construct a context-free grammar for L, = {0"1™0" : n, m € N}.

Solution: G = (V, Sy, %, R) where

@ Sy is the start variable;
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From CFG to language

Exercise 2

Construct a context-free grammar for L, = {0"1™0" : n, m € N}.

Solution: G = (V, Sy, %, R) where

@ Sy is the start variable;
o X ={0,1}
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From CFG to language

Exercise 2

Construct a context-free grammar for L, = {0"1™0" : n, m € N}.

Solution: G = (V, Sy, %, R) where

@ Sy is the start variable;
o X ={0,1}
o R= {So — OSOO };
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From CFG to language

Exercise 2

Construct a context-free grammar for L, = {0"1™0" : n, m € N}.

Solution: G = (V, Sy, %, R) where

@ Sy is the start variable;
o X ={0,1}
o R= {Sg — OS()O, S() — Sl };
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From CFG to language

Exercise 2

Construct a context-free grammar for L, = {0"1™0" : n, m € N}.

Solution: G = (V, Sy, %, R) where

@ Sy is the start variable;
o X ={0,1}
o R:{SU*)OSQO,S()%Sl,Sl — 15 };
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From CFG to language

Exercise 2

Construct a context-free grammar for L, = {0"1™0" : n, m € N}.

Solution: G = (V, Sy, %, R) where

@ Sy is the start variable;
o X ={0,1}
e R= {SU — OS()O, So — Sl,Sl — 151,51 — E};
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From CFG to language

Exercise 2

Construct a context-free grammar for L, = {0"1™0" : n, m € N}.

Solution: G = (V, Sy, %, R) where

@ Sy is the start variable;
o X ={0,1}
o R= {SU — OSOO | 51,51 — 1S1 ‘ 6}.
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From CFG to language

Exercise 2
Construct a context-free grammar for L, = {0"1™0" : n, m € N}.

Solution: G = (V, Sy, %, R) where

[*] V: {So, Sl};
@ Sy is the start variable;
o X ={0,1}

o R= {SU — OS()O | 51,51 — 181 | 6}.

UTS:Q 58
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From CFG to PDA

Construct a PDA from the following CFG:

S—080| A

A—1A e
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From CFG to PDA

Construct a PDA from the following CFG:

S—080| A

A—1A e

Step 1: Start with the following PDA.

g,e—$ g,e— S % —e
start Gstart m @ Gaccept
N U
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From CFG to PDA

Construct a PDA from the following CFG:

S—080| A

A—1A e

Step 2: For every terminal o € ¥, add a loop 0,0 — ¢ to the state gioop-

e e—$ g,e— S e,$—e
start Jstart ’ /\ @ Gaccept
/ U
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From CFG to PDA

Construct a PDA from the following CFG:

S—080| A

A—1A e

Step 2: For every terminal o € ¥, add a loop 0,0 — € to the state gioop-

0,0—>e|l,1—e¢

ot f g,e—$ N g,e— S /qQEﬁ—Me .
star start I t
star U !Op/ accep
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From CFG to PDA

Construct a PDA from the following CFG:

S—080| A

A—1A e

Step 3: For every rule A — w, add a loop £, 4 = w to gioop-

0,0—se|l,1—e¢

g,e—$ /\575—%5' e,$—e
start (start @ Gaccept
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From CFG to PDA

Construct a PDA from the following CFG:

S—080| A

A—1A e

Step 3: For every rule A — w, add a loop €, 4 = w to gioop.

0,0—>e|l,1—e¢

g,e—$ g,e— S Asﬁ%e
start @ ’ Q %p/ Gaccept

e, 5—=050|e,S—>Ale,A—1A|e,A— ¢
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From CFG to PDA

Construct a PDA from the following CFG:

S—080| A

A—1A e

Step 4: For every w contained in the loop, expand it from right to left.

0,0 se|l,1—e¢

c,e—$ g,e— 8 €,$—e
start Gstart qloop Gaccept

E,SHOSO|6,S%A|5,A%1A|€,A%5
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From CFG to PDA

Step 4: For every w contained in the loop, expand it from right to left.

How to deal with S — 050:
0,0—e|l,l1—¢e|e,S—>Ale,A—e

g,e—$ g,e— S
start@ O

g,e—0

Gaccept

e, A— 1A

)
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From CFG to PDA

Step 4: For every w contained in the loop, expand it from right to left.

How to deal with A — 1A:

0,0—=¢e|l,l1—oel|le,S—>A|le,A—e

g,e—$ g,e— 8
start@ ’ m

C

qaccept

e, A— A

UTS:Q 58
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From CFG to PDA

Solution:
0,0—e|l,l1—¢e|e,S—>Ale,A—e

g,e—$ g,e— S
start@ O

Gaccept

g, A— A
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From PDA to CFG

Exercise 4
Construct a CFG from the following PDA:

0,e > X e, X—e

1,X—e
start °
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From PDA to CFG

Exercise 4
Construct a CFG from the following PDA:

0,e > X e, X—e

1,X—e
start °

Step 1:

V={A, q: for every pair of p, ¢ in the state set of the given PDA};
§= Agy,q where qo is the start state and ¢y is the accept state;
Y is the same as the alphabet of the given PDA.
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From PDA to CFG

Exercise 4
Construct a CFG from the following PDA:

0,e > X e, X—e

1,X—e
start °

Step 1: In this case,
V= {Aa,om Aa,ﬁ, Aﬂ,av Aﬂvﬁ};

S: Aaﬁ;
¥ ={0,1}.
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From PDA to CFG

Exercise 4
Construct a CFG from the following PDA:

0,e > X e, X—e

1,X—e
start °

Step 2: For every state ¢, add a rule 4, , — €.
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From PDA to CFG

Exercise 4
Construct a CFG from the following PDA:

0,e > X e, X—e

1,X—e
start °

Step 2: For every state ¢, add a rule A4 ; — €. In this case,

Apo — €

Agﬁ — £

UTS:Q 58
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From PDA to CFG

Exercise 4
Construct a CFG from the following PDA:

0,e > X e, X—e

1,X—e
start °

Step 3: For every state p, ¢, r where p # ¢, add arule 4, ;, — A, A, ,.
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From PDA to CFG

Exercise 4
Construct a CFG from the following PDA:

0,e > X e, X—e

1,X—e
start °

Step 3: For every state p, ¢, r where p # ¢, add a rule A, ; — A, A, 4. In this
case,

Aap = Aaadap | Aapdpps
Apo — €

App—e
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From PDA to CFG

Exercise 4
Construct a CFG from the following PDA:

0,e > X e, X—e

start

Step 4: If there exist two transition functions §; and d5 such that

@ §; pushes ¢ into the stack, consumes a € ¥ U {e}, and transfers state p to
state r; and

@ J3 pops t out of the stack, consumes b € ¥ U {e}, and transfers state s to
state ¢,

then add a rule A, , — a4, b.
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From PDA to CFG

Exercise 4
Construct a CFG from the following PDA:

0,e > X e, X—e

Step 4: In this case, there exist two transition functions §; and do where

@ 47 pushes X into the stack, consumes 0 € X U {e}, and transfers state o to
state o; and

@ J3 pops X out of the stack, consumes 1 € XU {e}, and transfers state o to
state 3,

so add a rule A, 3 = 04, 1.
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From PDA to CFG

Exercise 4
Construct a CFG from the following PDA:

0,e > X e, X—e

Step 4: Besides, there exist another two transition functions §; and d, where

@ 47 pushes X into the stack, consumes 0 € X U {e}, and transfers state o to
state o; and

@ d2 pops X out of the stack, consumes ¢ € X U {e}, and transfers state J to
state 3,

so add a rule A, 3 — 04, 3.
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From PDA to CFG

Exercise 4
Construct a CFG from the following PDA:

0,e > X e, X—e

1,X—e
start °
Solution:

V= {400 Aa,p: Ap,as Ap,};

S = Aap;

¥ ={0,1};

R = {Aa’a —¢e,App =€, 40 = Aa,alap | AnpAsp | 044,01 | OAaﬁ}.
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